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1 Introduction

This paper studies equilibrium portfolios in the standard one-sector neoclassical
growth model under uncertainty with heterogeneous agents. There is an aggregate
technology to produce the unique consumption good which is either consumed or
invested. This technology displays constant returns to scale, is subject to produc-
tivity shocks and is operated by a representative firm. Preferences are purposely
restricted such that momentary utility functions are quasi-homothetic. This implies
that Engel curves are affine linear in lifetime human and non-human wealth. Het-
erogeneity across agents can arise due to differences in initial wealth and preferences
in the following way. First, agents may have different shares of the representative
firm at date O but they have the same labor income profile. That is, they can dif-
fer in their non-human wealth but share the same human wealth. Secondly, agents
may also have different preferences within the class mentioned before due to different
minimum consumption requirements. We abstract from any kind of friction and, in
particular, we assume that markets are dynamically complete. The environment is
consequently an extension of Brock and Mirman’s [1972] seminal contribution in the
spirit of Chatterjee’s [1994] pioneering work. The main differences with Chatterjee
[1994] are that we consider a stochastic environment due to aggregate technology
shocks, agents have labor income and minimum consumption requirements can differ
among agents.

Preferences were purposely restricted to the class mentioned to minimize both
the incentives and the possibilities for risk sharing. Exploiting some features of this
preference representation, the analysis shows how to explicitly determine equilibrium
portfolios as a function of preference parameters, initial endowments and different
sources of wealth.

Recently, the ability of the celebrated Lucas [1978] tree model to generate non-

trivial asset trading has been under scrutiny. The original version is silent about the



evolution of equilibrium portfolios since they are kept fixed in the representative agent
framework. However, Judd, Kubler and Schmedders [2003] (JKS from now on) study
the stationary Lucas tree model with complete markets under general assumptions
regarding heterogeneity across agents. Their surprising finding is that, after some
initial rebalancing in short and long-lived assets, agents choose a fixed equilibrium
portfolio which is independent of the aggregate state of economy. Unarguably, the
Lucas tree model is one of the most popular asset pricing models in modern finance
theory and this equilibrium property questions its full further applicability.! JKS
conclude that some friction (informational, financial, etc.) must play a significant
role in generating nontrivial asset trading in that framework.

Espino and Hintermaier [2005] cast some doubts on the necessity of those frictions
by studying the production economy proposed by Brock [1982] with heterogeneous
agents under dynamically complete markets. Production of the consumption good is
carried out by several neoclassical firms subject to idiosyncratic productivity shocks.
They show that their environment can generate a nontrivial amount of equilibrium
asset trading resulting from portfolios that in general depend upon the aggregate state
of the economy. In other words, the trading strategy of fixed portfolios is not optimal
in equilibrium. In their economy, the time dependence of agents’ heterogeneity is
determined by the evolution of the distribution of capital across firms. This is mainly
due to the fact that agents have different labor productivities across these different
production units.

A recent independent paper by Bossaerts and Zame [2005] has also discussed
JKS’s interpretation of their result. They assume that individual endowments are
not stationary even though this last property holds at the aggregate level. In that
case, they construct examples where equilibrium portfolios are not kept fixed. But

after all, assuming away stationarity of individual endowments implies that the dis-

'"Mehra and Prescott [1985] point out another unsatisfactory feature of the model in relation to
its asset pricing implications.



tribution of the aggregate endowment is nonstationary and consequently the degree
of heterogeneity across agents is naturally changing.

The crucial aspect pointed out by Espino and Hintermaier [2005] and, implicitly,
by Bossaerts and Zame [2005] is the following. Whenever the environment under
study generates changing degrees of heterogeneity across agents, the trading strategy
of fixed portfolios will not in general be optimal in equilibrium. The second of these
papers simply assumes that a crucial dimension of heterogeneity changes through
time. On the other hand, one might suspect that the results in the first of these
papers rely on the particular assumptions regarding different labor productivities
across firms (what they call limited labor substitutability).

This paper endogenously generates changing degrees of heterogeneity abstracting
from all those "frictions". We study the simplest extension of the Lucas tree model
to a production economy where we are able to analyze asset trading isolating the
impact of capital accumulation on the evolution of equilibrium portfolios. This setting
is the stochastic one-sector optimal growth model with heterogeneous agents. Very
importantly, we show that this framework can generate changing heterogeneity if and
only if either minimum consumption requirements are not zero or labor income is not
zero and the value of human and non-human wealth are linearly independent.

At date 0 agents can be different due to two reasons in our setting. First, they
might have different minimum consumption requirements. This kind of heterogeneity
is kept fixed as time and uncertainty unfold. Secondly, agents can own different shares
of aggregate non-human wealth at date 0, which is given by the initial value of the
firm. If equilibrium evolves such that these shares are kept fixed at the initial level,
this crucial second dimension of heterogeneity across agents also remains unchanged.
Consequently when both channels of heterogeneity remain unchanged, agents can
trade away individual risk through fixed portfolios.

In our framework, each agent’s participation in non-human wealth is not constant

in equilibrium either if minimum consumption requirements are not zero or if labor



income is not zero and human and non-human wealth are linearly independent. Con-
sider the case where there are no minimum consumption requirements. Under these
preference representations, complete markets will imply that each agent owns a fixed
share of aggregate total wealth, which includes human and non-human wealth. Both
levels of wealth depend on the evolution of the stock of capital and thus equilibrium
portfolios will adjust accordingly to keep these shares fixed whenever human and
non-human wealth are not perfectly linearly correlated.

When there is no labor income but minimum consumption requirements are not
zero, the intuition is similar. In this case, agents will keep a fixed fraction of aggre-
gate non-human wealth net of the value of the aggregate minimum consumption re-
quirement. This will imply that equilibrium portfolios determining individual wealth
cannot be kept fixed and independent of the state of the economy.

In recent independent work, Obiols-Homs and Urrutia [2005] study the evolution
of asset holdings in a deterministic version of our framework with log preferences.
They find sufficient conditions such that the coefficient of variation in assets across
agents decreases monotonically along the transition to the steady state from below.
In contrast, Chatterjee [1994] studies the evolution of wealth in an economy without
labor income. He shows that if the economy is growing to the steady state, wealth in-
equality changes monotonically along the transition whenever minimum consumption
requirements are not zero.

This paper then extends and complements the existing related literature men-
tioned above in nontrivial dimensions. It is the natural framework to directly compare
our results with the literature studying asset trading volume and thus to investigate
the implications of capital accumulation on the evolution of equilibrium portfolios.
It shows that changing distributions of aggregate wealth studied by Bossaerts and
Zame [2005] can be the natural consequence of capital accumulation, even in simple
environments like ours. Moreover, we provide a relatively simple method to solve

for equilibrium portfolios in the standard neoclassical growth model under alterna-



tive complete market structures. Since this framework was the natural benchmark
to study quantitatively the behavior of different asset prices, it can also be used as
a benchmark to evaluate quantitatively its predictions about the evolution of asset
holdings, stock trading volume, etc.

The paper is organized as follows. In Section 2, we describe the economy and
characterize the set of Pareto optimal allocations. In Section 3, we study equilibrium
portfolios in the corresponding economy with sequential trading and dynamically

complete markets. Section 4 concludes. All proofs are in the Appendix.

2 The Economy

We consider an economy populated by I (types of) infinitely-lived agents where i €
{1,...,1}. Time is discrete and denoted by ¢t = 0,1, 2, .... Each agent is endowed with
one unit of time every period but for simplicity we assume that leisure is not valued.
There is only one consumption good which can be either consumed or invested.
Goods invested transform one-to-one in new capital next period. There is a constant
returns to scale aggregate technology to produce the consumption good operated
by a representative firm. This technology is subject to productivity shocks and s;
represents the realization of this shock at date t. We assume that {s;} is a finite
state first-order stationary Markov process. Transition probabilities are denoted by
7(s,s’) > 0 where s4,5,8 € S = {s1,....,s5}. Let s* = (s0,...,5;) € St*! represent
the partial history of aggregate shocks up to date t. We write s*1 /s’ to denote that

St-i—l

is an immediate successor of s'. These histories are observed by all the agents.
The probability of s! is constructed from 7 in the standard way and x(s') denotes
the value of x at the node s'.

A consumption bundle for agent i is a sequence of functions {c¢;}{2, such that
¢+ ST — [v;,+00) for all ¢ and supg c(s?) < co. C; is agent i’s consumption set

with all these sequences as elements. The parameter v, > 0 is interpreted as the

minimum consumption level required by agent i. Agent i’s preferences on C; are



represented by expected, time-separable, discounted utility. That is , if ¢; € C; then:
oo
Ule) =Y > Ba(shus(ci(s),
t=0 st

where 5 € (0,1) and the momentary utility function u; belongs to the following class:

)

wi(c) = % ifo#1and o >0
' In(c — ;) ifo=1

where (¢ — ;) > 0 (with strict inequality if o > 1).

Let K (s*) > 0 denote the stock of capital chosen by the representative firm at the
node s’ and available in period ¢ + 1 to produce with the aggregate technology. The
depreciation rate is given by § € (0,1). Let sF'(K, L) represent this technology, where
K is the stock of capital available, L is the level of labor and s is the productivity
shock. F': R%r — R, is homogeneous of degree 1, strictly concave, strictly increasing
in K, weakly increasing in L and continuously differentiable.? We also assume that
forall L >0: (a) 0F(0,L)/0K = oo and (b) limg_,o, OF (K, L)/0K = 0. Condition
(a) rules out corner solutions for capital accumulation. More importantly, condition
(b) guaranties that there exists some (K, K) such that 0 < K < K(s!) < K for all
s! since consumption must be bounded from below.? Without loss of generality, we
can restrict ourselves to K (s') € X = [K, K] for all s'. We denote K = (K(s'),) as
a capital accumulation path, where Ky € X is the initial stock of capital which is
assumed to be greater than K. Note that L(s?) = I for all s and denote f(K(s'71)) =
F(K(s'71),I). Below we will refer to the special case of unproductive labor when
F(K,L) = F(K) for all L and consequently Fr,(K, L) =0 for all (K, L). In this case,
we still assume that F' is strictly concave.

To determine equilibrium portfolios we proceed as follows. We first character-

ize the set of Pareto optimal allocations. Under our assumptions about preferences,

2Under constant returns to scale, any price taking industry behaves as a single representative
price taking firm.
3More specifically, K solves mig(s)F(K, I)— 90K = ZLI v, and K is the standard upper bound
ES -

in the neoclassical growth model.



the problem reduces to solve for aggregate variables given the existence of a ficti-
tious aggregate representative consumer (ARC). Then, in the next section we proceed
studying a competitive market arragenment with sequential trading to analyze the
evolution of equilibrium portfolios.
Planner’s Problem

Under our concavity assumptions on both utility and the production functions, the
set of Pareto optimal allocations can be parametrized by welfare weights.* Suppose
that a; is the welfare weight assigned by the planner to agent i. Given a vector of

welfare weights a = (;)!_;, the planner’s problem is given by:

Vs, Ksa) = max az{ZZﬁt o) ) } (PP)

t=0 gt

subject to

I
Y (s + K (s = (1-0)K(s") = sif(K(s"™") forall s,
=1
¢ € Ci K(s')eX  forall s* and all 4,

K% € X given.

Under these preference representations, it is well-known that the solution to (PP)

is equivalent to solve:

C(s') =N
V (s0, Ko) = max Z Z Bl ( , (APP)
subject to
C(sH +K(s) — (1 -0)K(s™™) = s f(K(s™1)  forall s,

C(s"y—~v > 0, K(s') € X for all s,

K € X given,

4That is, the utility possibility set is convex and closed and thus we can immediately apply the
supporting hyperplane theorem.



where v = Zle v; and C(s?) is aggregate consumption. Given a vector a, optimal
individual consumption for each ¢ is determined by:

(0) "/ t

= 1,5.¢) =l (1)
e (an)'?

The equivalence can be easily determined because (1) satisfies the necessary and

[ei(s"s @) —7,] =

sufficient first order conditions for the problem (PP) and the solution to (APP) is
immune to affine linear transformations of preferences.” Very importantly, this im-
plies that the evolution of the stock of capital is independent of the initial distribution
of wealth. Note also that (1) implies that the marginal rate of substitution of any
agent equals the ARC’s marginal rate of substitution.

The former discussion reduces the problem to the traditional one-sector neoclas-
sical growth model under uncertainty. It is a standard exercise to establish that this
problem has a recursive formulation. The value function V : S x X — R solves the
following functional equation:

(C,K") 1—0

_ (C B 7)1_0 / / /
V(s,K) = max { ——— + ,BZTI'(S, sV (s, K') », (RAPP)
Sl
subject to
C+K -(1-0)K = sf(K),
C—-~ > 0, K'eX.

Moreover, it can also be shown that V is strictly increasing, strictly concave in
K and continuously differentiable in the interior of X. The solution to the problem

(RAPP) is a set of continuous policy functions (C(s, K), K'(s, K)). To fully char-

acterize the set of Pareto optimal allocations, we construct the recursive version of

(tY_~A N1—0O t\_\1—0 o
*In this case, Y1_, ai% reduces to % (ZLI (ai)l/a) for each s'.

8See Stokey, Lucas and Prescott [1989, Section 10.1]). If o > 1, utility functions are unbounded
from below. To deal with this case, the techniques explained in Alvarez and Stokey [1998] can be
adapted. For that, notice that momentary utility functions are homogeneous in ¢ — v, and the
problem can be transformed to the optimal growth model with a production function sf(k) — > ~,.
See in particular Le Van and Morhaim [2002].



individual consumption (1) by:

e K ) ) = 2
A T S T

for all (s, K), given a vector of welfare weights a.

[C(s, K) =1, (2)

Next we will consider competitive decentralization with sequential trading and

complete markets to study asset trading and its corresponding equilibrium portfolios.

3 Sequential Trading and Recursive Competitive Equi-
librium

We assume the following trading opportunities. Every period ¢ and after having
observed s, agents meet in spot markets to trade the consumption good and different
assets. They can trade firm’s shares, where 0;(s?) is the number of shares chosen by
agent i at s'. There is one outstanding share and then Y, 0;(s') = 1 for all s'.7 We
do not impose short-selling constraints. We assume that agent ¢ is endowed with
0;(s_1) = 09 > 0 shares of the firm at date 0. Tt is assumed that for each agent 7 this
share is large enough such that the optimal consumption path is in the interior of the
consumption set (see the Appendix for details). Let p(s') be the ex-dividend price of
one share at s’. Let w(s') be the wage paid by the firm per unit of labor at s.

Agents can also trade a complete set of fully enforceable Arrow securities with
zero net supply. The Arrow security s’ traded at s’ pays one unit of consumption
next period if s'*! = (s?, s’) and 0 otherwise. Let g(s?)(s) be the price of this security
at st. Denote a;(s!) as agent i’s holdings of this security at s® where a;(sg) = 0 for
all 4. To rule out Ponzi schemes, we restrict agents to bounded trading strategies.
These (implicit) bounds are assumed to be sufficiently large such that they do not
bind in equilibrium. All these prices are in units of the s’-consumption good.

The firm chooses labor and accumulates capital to maximize its value. In this

framework with sequential trading, if the firm reaches s' with a stock of capital

"Firm’s financial policies do not affect equilibrium allocations and prices since the Modigliani-
Miller theorem holds in this framework.



K (s'™1) then its problem can be expressed:

VF(St,K(St_l)): max {d(st st~ 1 +Zq VF 3 5 K( ))}, (FP)

K(s"),L(s")

subject to
d(s', K(s'71)) = se P(K(s"1), L(s") + (1 = 0)K(s'™1) — K(s') —w(s")L(s"), (3)

for all st. Here, Vr(st, K(st™1)) is the value of the firm with stock of capital K (st~1)

at st

From the consumer side, given a price system (p, q, w) agent i's problem is given

by:

-0

max Z Z Bl ( — Zl) , (AP)

Cuazy 1 =0 gt

subject to
ci(s') + +Z Nai(s',s") = ¢;(s") +w(s"), (4)

¢i(s",8") = [p(s',s) +d(s", 8)]0i(s") + ai(s", 8), (5)
where ¢; € C; and (a;,0;) are bounded. Here, ¢;(s!) denotes agent i’s non-human

wealth at s'. A competitive equilibrium in this framework is defined in the standard

way.

Definition 1 A Competitive Equilibrium with Sequential Trading (STCE) is
a price system (P, q, W), an allocation {(a)z, IA(, E} and equilibrium portfolios (az-,@-)i
such that:
(STCE 1) Given (p,q,w), (¢, 0; ,a;) solves agent i’s problem (AP) for each i.
(STCE 2) Given (p,q, W), (K, L) solves the firm’s problem (FP) where L(st) =
I for all s.

10



(STCE 3) All markets clear. For all s* :

D_cils) + K () = (1= )K(s™] = sf (K(s'™),

=1

Z&\i(st,sl) = 0 for all ¢,

I
> 0i(s) = 1.
i=1
We can establish the affine linearity of individual consumption with respect to
total wealth. This is a direct consequence of the particular preference representation
that we have purposely assumed to minimize asset trading incentives and it will be
an important aspect to simplify the analysis of our main result.
We can summarize the previous discussion as follows. Let V,,(s') be the value of

human wealth at s® (e.g. the present discounted value of labor income).®

Lemma 2 There exist b(s') and z(s') such that agent i’s consumption can be ex-

pressed by:
ci(s") = 7; (1= b(s")) + 2(s") (di(s") + Viu(s")) . (6)

for all s and all i.

The Markovian structure of this economy assures that there exists an equivalent
Recursive Competitive Equilibrium (RCE) for each STCE.? Consider the set of state
variables. At the consumer level, it is described by individual wealth, ¢;. At the firm
level, k describes the firm’s stock of capital. Let ® and K describe the distribution
of wealth and the aggregate stock of capital, respectively. Therefore, the set of
aggregate state variables is fully described by (s, ®, K). The price system is given
by p,Q,w : S x ]R{ir x Ry — Ry, representing prices for shares, Arrow securities
and wages, respectively. To simplify notation, we directly impose the labor market

equilibrium condition such that L(s, ®, K) = I for all (s, ®, K).

8Expression (6) below is a generalization of Chatterjee [1994, equation (4)] for a setting that
includes aggregate uncertainty and labor income.
See Ljungqvist and Sargent [2004, Chapter 8 and 12] for a discussion.

11



Definition 3 A RCE is a set of value functions for the individuals (V;), a value
function for the firm (Vg), a set of policy functions for the indwiduals (c;,a},0}), a
policy function for the firm (K'), a set of prices (p, Q, w) and laws of motion for the
aggregate state variables ® = G(s,®,K) and K' = H(s,®, K) such that:

(RCE 1) Given (p,Q,w), for each agent i (c;, a’,0}) are the corresponding policy

(2

. / / .
functions and (Vj, ¢, al, 0;) solves:

%(¢i73a¢aK) = Ssup {U(Cz) + BE [V;((b;as/?q)/aK/) || S]}?

(ci,al,07)

subject to

ci+p(s, @, K)0;+ > Q(s, @, K)(s)aj(s') = ¢; + w(s, ®, K),

¢ = [p(s', @ K') + d(s', @, K')] 0 + ai(s"),
where ® = G(s,®,K) and K' = H(s,®, K).
(RCE 2) Given (p, Q,w), Vr is the recursive version solving (FP) and (k") solves

the firm’s problem, where dividends are given by:
d(s,k,®, K) = sf(k)+ (1 -0k — K (k,s,®,K) —w(s,®, K)I.
(RCE 3) All markets clear. For all (¢;,k,s,®, K) :

> iy, s, 0, K) + (K (k, 5,8, K) — (1— 6)k) = sf(k),

Zag(%,& ®,K)(s')=0  foralls,
Zeg(gbiaqu)?K) =1
(RCE ) Consistency. For all (s,®, K) and each i :

K' = H(s,® K)=kK(s K, K),

O = Gi(s,®,K)=[p(G(s,®,K),H(s,®, K))

7

+d(G(s,®,K), H(s,®, K))|0;(®;,s,®, K) + a,(®;,s, P, K).

12



We are interested in decentralizing a particular Pareto optimal allocation as a
RCE defined above. With that purpose, we proceed constructively. Consider the
policy functions (C, K') for the problem (RPP). Define the stochastic discount factor

as follows:
(C(SI7 K/<87 K)) — 7)_0
(C(s, K)=y)7

Q(s, K)(s') = pr(s,s) (7)

for all (s, K, s'). Individual consumption is constructed using (2). It will be useful to
have a recursive version of (6). The value of human wealth, which is independent of
welfare weights «, can be expressed as follows:

Vw(s, K) =w(s, K) + Z Q(s, K)(s")Vu(s', K'(s,K)). (8)

S/

Also, define:

Vp(s, K) =14 Q(s, K)(s)Vp(s', K'(s, K)), (9)

Vi (s, K, 5') = C(s', K'(s, K)

) il / / / /
o T QU K (s KN Vx (s K (s, K), ), (10)

z

where Vx (s, K) =3, Q(s, K)(s')Vx(s, K, §'). Here, Vp is interpreted as the value of
a perpetual bond that pays 1 unit of the consumption good in each period and in each
state. Vx is interpreted as the presented discounted value of aggregate consumption
growth, net of minimum requirements. It can be shown that each of the previous
functional equations have a unique continuous solution V,,, Vp and Vx. See Lemma
10 in the Appendix for technical details.

Individual consumption must thus satisfy the recursive version of (6):
ci(s, K, @) = 7 (1 = b(s, K)) + 2(s, K) (¢4(s, K, @) + Vo (5, K)) (11)

where b(s, K) = [1 + Vx (s, K)] ' Vp(s, K) and z(s, K) = [1 4+ Vx(s, K)] "

Note that (2) and (11) imply that the ARC’s consumption is given by:

C(s, K)=~7(1=0b(s,K)) + 2(s,K) (Vr(s, K,) + Vi (s, K)I),

13



which is precisely the expression expected to be obtained under these preferences
representation for the ARC.

We are ready now to decentralize a Pareto optimal allocation as a RCE with
zero initial transfers, conditional upon our assumptions about the initial distribution
of shares 0° = (09)_,. Let (so, Ko) be the date 0 state of the economy. We will
follow Negishi’s [1960] approach and show that given (sq, Ko, °) there exists a vector
al = a(sO,KO,QO) such that the corresponding Pareto optimal allocation can be
decentralized as a RCE with zero initial transfers for each agent. From now on, we
impose the consistency conditions (RCE 4) and thus we avoid writing policy functions
depending on individual state variables.

Note first that we allow for trading in both Arrow securities and shares. This
means that there are redundant assets since we have S + 1 assets with linearly inde-
pendent payoffs while there are S states of nature. To illustrate our results, we shut
down stock trading where we impose 0%(s, ®, K) = 6? for all i and all (s, ®, K). As
discussed below, it is a relatively simple exercise to apply the analytical tools devel-
oped here to study and explicitly determine asset trading and equilibrium portfolios
in any framework with arbitraries complete market structures.

Define wages and stock prices as follows:
w(s, K) = sFy(K,I), (12)

p(s, ) =Y Qs, K)(s")p(s', K' (s, K)) +d(s', K'(s, K))]. (13)

To determine individual wealth, consider the following functional equation con-

structed from the agent i’s budget constraint (22):
¢i(37 K7 a) = Ci(sa K7 a) - ’U)(S, K) + Z Q(S? K)(SI)¢i(S/7 K,(S7 K)7 a)' (14)

As mentioned before, both the operator determining the stock price (13) and

individual wealth (14) will have unique continuous functions as solutions. We need

14



to show that there exists a unique o = a(sg, Ko, 8°) such that:
¢i(s0, Ko, a®) = 67 [p(s0, Ko) + d(s0, Ko)] = 69V (s0, Ko).

Consequently, the Pareto optimal allocation corresponding to o’ can be decentralized
as a RCE with zero initial transfers.

We fix o to obtain equilibrium Arrow security holdings as follows. First, define:
Ai(s, K, a°) = ¢;(s, K,a%) — 0 [p(s, K) + d(s, K)]
Therefore, equilibrium portfolios in this RCE will be given by:

U/;(S, <I>7 K)(Sl) = Ai(’S,?K/(S: K)a ao)a

where, for each i, ®; = ¢,(s, K, a’) is uniquely determined by (s, K) given a’. Note
that from (15) we can observe that equilibrium portfolios depend upon (s, K) be-
cause they determine next period’s stock of capital and thus the evolution of relative
individual non-human wealth.

We can now summarize this discussion with the following result where we also

show how to explicitly express o’ and A;’s as functions of Vg, Vi, Vp, 8 and v,’s.

Proposition 4 There erists a unique welfare weight o® = a(sg, Ko, 00) given by:

09V (50, Ko) + Vis(s0, Ko) — Vi (s0, Ko)7;
Vi (s0, Ko) + Vi (so, Ko)I — Vp(so, Ko)vy '

(ai(s0, Ko, 0°)) "7 = (16)

such that the corresponding Pareto optimal allocation can be decentralized as a RCE.
The price system is given by (7), (138) and (12), equilibrium individual consumption

by (2) and equilibrium portfolios by (15) where:

1/o

Ai(37 K7 a()) = [(OA?) - Hg]VF(“;?K) + [’Yz - (a?)l/U V]VP(&K) (17)

HI (@)Y = 1]Vi (s, K).

2
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We say that the fized equilibrium portfolio property is satisfied if for each s, for
all (s, ®, K) and for all ¢, it follows that a}(s, ®, K)(s") = a(s’). That is, individual
portfolios are kept fixed, independently of the aggregate state of the economy. The
next result shows that this property holds if we reduce this framework to an endow-
ment economy. Whenever capital is unproductive and § = 0, we get a version of the
stationary Lucas tree model with heterogeneous agents which is a particular version

of JKS [2003].

Proposition 5 (JKS [2003]) In the endowment version of this economy, equilib-

rium portfolios are fixed such that:
ay(s,®)(s") = ai(s')  for all (s,®) and for all &',
where ®; = ¢,(s,a) for each i.

It is important to notice that the demand for Arrow securities is independent of
the unique aggregate state variable, s. That is, independently of the state s today
(and thus independent of the uniquely determined wealth distribution, ®(s)), agents
choose to construct fixed equilibrium portfolios of Arrow securities. JKS [2003] show
how to extend this result in several dimensions for pure exchange economies.

It turns out that if minimum consumption requirements and labor income are
both assumed away, this environment is still unable to generate changing equilibrium

portfolios and thus the fixed equilibrium portfolio property is preserved.

Proposition 6 Ifv, =0 for alli and w(s, K) = 0 for all (s, K), then the equilibrium

portfolio is kept fixed and given by:

ai(s,®,K)(s') = 0, forall s and all (s,®, K).

Now we show that this result might not be robust in the more general setting

introduced above. First, if minimum consumption requirements differ from 0 for at
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least one agent, then the trading strategy of fixed portfolios cannot be optimal in

equilibrium even if there is no labor income.

Proposition 7 Suppose that labor is unproductive with w(s, K) = 0 for all (s, K).

If v; > 0 for some agent i, then fized portfolios cannot be optimal in equilibrium.

Secondly, we show that under certain conditions the introduction of labor income

(productive labor) is sufficient to generate changing equilibrium portfolios.

Proposition 8 Assume away minimum consumption requirements where v; = 0 for
all i. If w(s, K) > 0 for all (s, K), then the fixed equilibrium portfolio property holds

only if human wealth and non-human wealth are perfectly linearly correlated.

It is important to notice that under the assumptions of Proposition 7, the fixed
portfolio trading strategy will not be optimal in equilibrium even if the initial hetero-
geneity in shares is assumed away (e.g., # = 1/I for all i) whenever v, # -, for some
i,h. On the other hand, if this is the case under the assumptions of Proposition 8,

agents are ex-ante identical and consequently there is no asset trading in equilibrium.

Discussion of the Main Result

To simplify the discussion, suppose that vy, = 7 for all ¢. Hence, at any state
(s, K) the degree of heterogeneity across agents is represented by their relative par-
ticipation in aggregate non-human wealth. Whenever this participation changes with
the current state (s, K), the associated equilibrium portfolios will in general adjust
accordingly.

To see this more clearly, consider the evolution of individual non-human wealth.

A recursive version of (23) in the Appendix implies that for all (s, K, s):

(bi(SI?K/(s?K)) _ v s K'(s _ s s s
¢i(8,K) = ¢i<S,K) [VP( 7K( >K)) VP( aK)F( >K7 )]
+I(s, K, s")
1 n o s K'(s
+m [Vio(s, K)I'(s, K, s") = Vi (s', K' (s, K))]
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where T'(s, K, s') = Z(s’fé?’{?}()) <QB(;(I?)S(IS)/)>1/U.

This basically says that agent ¢'s stochastic growth of wealth in general depends
on his individual level of wealth. This holds except in the case where minimum
consumption requirements are 0 for all agents and labor is unproductive. In that
particular case, the fraction of non-human aggregate wealth for each agent is kept
constant at 6Y. At any aggregate state (s, K), individual wealth will be perfectly
correlated with aggregate wealth. Thus, individual risk coincides with aggregate risk
and consequently there is no trade in equilibrium.

When minimum consumption requirements are zero but there is labor income (e.g.
w(s, K) > 0 for all (s, K)), it is interesting to notice that each agent i’s participation
in aggregate total wealth, given by Vi(s, K) + Viy(s, K)I, is kept constant at (o) 1o
as time and uncertainty unfold. Equilibrium portfolios must then adjust such that
this property holds if Vp(s, K) and Vi, (s, K) are not perfectly linearly correlated.
In this case, changes in the stock of capital will impact differently on non-human
wealth among agents generating changes in individual portfolios. On the other hand,
if Vr(s, K) and V,(s, K) are perfectly correlated, the distribution of consumption
is independent of the initial Ky and the evolution of the aggregate stock of capital
will have no impact on the individual composition of wealth. Consequently, the
equilibrium level of trading is reduced to zero since all agents share the same kind of
risk (e.g. individual risk and aggregate risk coincide again).

An important issue here would be to determine which class of economies displays
perfectly linearly correlated levels of wealth. The next result deals with a fundamental
particular case where the production function is Cobb-Douglas. Since in this case the
value of human wealth is a constant fraction of the value of aggregate output, Vg (s, K)
and V,,(s, K) are perfectly correlated if and only if preferences are logarithmic and

capital fully depreciates. Only if those two assumptions are satisfied, dividends are

also constant fraction of output and thus the value of non-human wealth is perfectly
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correlated with the value of aggregate output. On the other hand, suppose that
capital does not fully depreciate. V,,(s, K) is still a linear function of the value of
aggregate output. But it is known that investment is not a constant fraction of
output in this case. This implies that dividends are not a linear function of output
and thus Vp(s, K) and V, (s, K) cannot be perfectly correlated. We can summarize

this discussion as follows.

Corollary 9 Suppose that F(K, L) = KYL*™Y where v € (0,1). If ; = 0 for all i,

then the fixed equilibrium portfolio property holds if and only if § = o = 1.

With unproductive labor but nonzero minimum consumption requirements, the
intuition is very similar. In that case, these v;’s work as "negative endowment" for
each agent and thus its value is one of the determinants to explain the evolution of
individual wealth relative to the aggregate level. Again, note that the participation
of each agent i in aggregate total wealth, now given by Vi (s, K) —vVp(s, K), is kept
constant in this case as well. Thus, equilibrium portfolios will adjust conditional upon
(s, K) such that this holds. Under these assumptions, the intertemporal elasticity
of substitution is increasing in wealth and consequently the wealthy should hold a

relatively higher share of aggregate risk.

4 Conclusions

This paper studies equilibrium portfolios in the traditional one-sector stochastic neo-
classical growth model with heterogeneous agents and dynamically complete markets.
Preferences are purposely restricted such that Engel curves are affine linear in lifetime
human and non-human wealth. Heterogeneity across agents can arise due to differ-
ences in initial non-human wealth and minimum consumption requirements. The
analysis shows how to explicitly determine equilibrium portfolios as a function of

preference parameters, initial endowments and different sources of wealth.
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JKS [2003] have seriously questioned the ability of the stationary Lucas tree model
to generate nontrivial asset trading under alternative complete market structures and
fairly general patterns of heterogeneity across agents. They show that agents choose a
fixed equilibrium portfolio which is independent of the state of nature. They conclude
that some friction (informational, financial, etc.) must play a significant role in
generating nontrivial asset trading in that framework.

In this paper, a crucial aspect independently pointed out by Bossaerts and Zame
[2005] and Espino and Hintermaier [2005] has been isolated and studied in more
detail. That is, whenever the environment under study generates changing degrees of
heterogeneity across agents, the trading strategy of fixed portfolios cannot be optimal
in equilibrium.

This paper purposely abstracts from all kind of frictions to study the impact of
capital accumulation on the evolution of equilibrium portfolios. We have shown that
our environment can generate changing heterogeneity if and only if either minimum
consumption requirements are not zero or labor income is not zero and the value of
human and non-human wealth are linearly independent.

The theoretical framework analyzed here can be extended to study more general
market structures. In particular, the discussion about alternative dynamically com-
plete market structures in Espino and Hintermaier [2005] can be easily adapted to deal
with our framework. It is also immediate to extend the analysis to include individual
endowments as an additional source of wealth, stochastic minimum consumption re-
quirements, labor-leisure choices and more consumption goods.'’ Furthermore, this
setting can also be adapted to deal with accumulation technologies allowing for ad-
justment costs as in Jermann [1998, 2005] and Boldrin, Christiano and Fisher [2001].
This literature has shown that the introduction of adjustment costs was important

to study quantitatively asset returns in production economies.

0For the two last extensions mentioned, preferences must be properly restricted (see Townsend
[1987)).
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Very importantly, we understand that the framework presented here is the natural
benchmark to test through quantitative experiments the predictions of the celebrated
neoclassical growth model in terms of the evolution of asset holding and stock trading
volume. We do not claim that these crucial quantitative aspects will be fully explained
by the simple setting presented here. Some other candidates to generate additional
trading might be required. However, we do consider important to disentangle the
specific contribution of each of those alternative sources and thus the environment

described here seems a natural first step.
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Appendix

Let P(s'™/s') be the price of one unit of the consumption good delivered at s'*"
in terms of the s'-consumption good (where P(s'/s!) = 1). We define Vp(s!) =
500 o Ngten st P(s7T7/s1). Let M(s'7/st) = £ %) and define

Bt+n7r(st+n)
o0 —1
= Z Z P(s"t" /sty (M (s /s") /8w (sh)) = .
n=0 St+n/st
The value of human wealth at s’ is given by
Z Z t-l—n/s ( t-l—n/st)’
n=0 gt+n /st
which is the same for all agents.
Proof of Lemma 2. Given our assumptions, we can fully characterize an
interior solution for the agent’s problem as follows.!! Let A;(s!) be the Lagrange
multiplier corresponding to agent i’s budget constraint at s’. Agent i’s necessary and

sufficient first order conditions imply that:
Bl(s) (ei(sh) — ) ™7 = Als"), (19)
Ai(s', ') = g(s) () Mi(s), (20)
p(s") = 3 () () p(s', o) + d(s", o). (21)

for all s* and all s’. Note that (21) coupled with (5) implies that the budget constraint

can be rewritten as follows:

+Z )i(s',8") = di(s") +w(s"), (22)

for all s. Using (20) and given the definitions of P(s't"/st), M(s!*"/st), Vx(st),

Vp(st) and V,,(s?), note that (19) can be rewritten as follows:

)= = ) (EETA)

B (st)

1Tt is well-known that the necessary and sufficient transversality condition will hold in this setting.
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for all s'*". Using this expression and the necessary transversality condition in (22),

we can repeatedly replace non-human wealth to get for each i :

n—= Ost+n/s

= (s + %Z > PGS,

n=0 gt+n /st

for all st. Solving for \;(s?), individual consumption can then be expressed by:

ci(s') =7 (1= b(s")) + 2(s") (:(s") + Vu(s")) ,

as in (6), where b(s') = [VX(st)]_l Vp(st) and 2(s') = [VX(st)]_l. To determine
¢;(s',s") (and thus the evolution of individual non-human wealth), observe that (19)

and (20) imply:

q(s")(s)
B(s, )

and thus (6) implies that for all (s?,s') :

() =) = ) " e =),

¢i(s',s") = 7(Vp(s',s) = T(s",s)(Vp(s', ) + T(s", 8" )i (s") (23)
_(Vw<8t7 S/) - F(3t7 Sl)vw(st))7

1/o

where T'(s', s") = z(zgf,ts)’ ) (izrs(tit(,ij )))

Let C(S x X) be the set of continuous functions mapping S x X into the real
numbers. For any continuous function r : S x X — R, consider the operator T defined
by:

(TR)(s,K) =r(s,K) + Y _Q(s, K)(s)R(s', K'(s, K)).

Sl

Lemma 10 Suppose that (s, K) is one of the following functions:
(a) C(s,K), (b) w(s, K), (c) d(s,K), (d) a contant, (¢) St

Then, in all these cases there erists a unique continuous function R € C(S X

X) such that R(s, K) = (TR)(s, K) for all (s, K).
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Proof of Lemma 10. Since the value function V solving (RAPP) is strictly in-
creasing, strictly concave and differentiable in the interior of X and the corresponding
policy functions are continuous, we can proceed as in Espino and Hintermaier [2005].
Technical details are available upon request.

Proof of Proposition 4. We normalize Zjl-zl (ozj)l/” =1.Let (C(s,K),K'(s,K))
be the policy functions solving the problem (RAPP). Compute first the value of ag-

gregate consumption as the solution of the following functional equation:
Vo(s, K) = C(s,K) + > _ Q(s, K)(s)Vo(s', K'(s, K)). (24)
Note that: S
Vi(s, K) = d(s,K) + > _ Q(s, K)(s)Vr(s', K'(s, K)),
is independent of a. Since w(s, K) = sF»(K,I), we have that:

Vi(s, K) = w(s, K) + Y Q(s, K)(s) V(s K' (s, K)),

s/

is independent of a as well. Since C(s, K) = d(s,K) + w(s, K)I, it follows that
Vo(s,K) = Vi(s,K) + Viy(s, K)I for all (s, K). Lemma 10 implies that there exist
unique continuous functions Vi, Vr and V.

The value of individual consumption corresponding to the Pareto optimal alloca-

tion « is given by:

Vs, K,a) = (s, K,a) + Y Q(s, K)(sVi(s', K (s, K)), (25)

Sl

and thus individual consumption (2) implies that:

Vé(s K.a) = (00)7 V(s K) + Vs, Kby, — (02) /77,

= (a)"7 [Vi(s, K) + Vo (s, K)I) + Vi (s, K) [y = ()7 7],

solves (25) by definition of V¢ and Vp. Also notice that ¢;(s, K, o) = Vi(s, K, o) —

Viw(s, K) and consequently it follows that:
05, K, 0) = (00) 17 Vie(5, K)+ Vs, K) [i=(00) /7 3]+ Vs, KU ()7 =1].(26)

24



Given some initial state (sg, Ko) and some initial distribution 6°, we are ready to

compute a(sg, Ko, 0°). Note that by definition:
¢;(s0, Ko, a(s0, Ko, 0°)) = 6 [p(s0, Ko) + d(s0, Ko)] ,
for all 7. Therefore, it follows that:

09 [p(s0, Ko) + d(s0, Ko)] = 69V (s0, Ko),
- (ai(SUaKﬂveo))l/U VF(807K0)

+Ve(s0, Ko)[v; — (ai(s0, Ko, 90))1/0 el

o

—i—Vw(Sg,K(])[I (Ozi<80,K0,00)) 1],

and then,

09V (50, Ko) + Vis(s0, Ko) — Vi (s0, Ko)7;
Vi (s0, Ko) + Vi (s0, Ko)I — Vp(so, Ko)y

(al‘(SQ, Ko, (90)) 1/0 =

for i = 1,...,(I —1). Put as(sg, Ko,0°) = (1 —Z]I;i (aj(so,Ko,QO))l/U>a. The

assumption that the initial distribution of shares are "large enough" means that:
0 Vi (s0, Ko) + Vi (50, Ko) — Vp(s0, Ko)v; > 0,

for all 4. The solutions for both, the planner’s problem on one hand, and agents’
and the representative firm’s problems in a decentralized economy on the other, can
be characterized with FOC’s. Thus, it can be checked that the candidate recursive
allocation and the price system proposed can be decentralized as a RCE. !? m
Proof of Proposition 5. To see this, supose that 6 =0 and F(K,L) = F(L)
for all (K, L). Thus, y(s) = sF(I) + Ko represents the fruit delivered by this tree at
state s and w(s) = sF'(I) is the wage per unit of labor. Since the Second Welfare
Theorem holds, any Pareto optimal allocation (parametrized by ), ¢;(a) € R, can

be decentralized as a RCE with transfers. Equation (14) reduces to:

dils,@) = ci(s, @) —w(s) + ) Qs)(s)i(s', ).

2See Espino and Hintermaier [2005] for technical details in a similar environment.
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for s = 1,..., 5. As pointed out by JKS [2003], this is a S-dimensional system with
a unique solution continuous in «. Continuity with respect to « implies that there
exists a such that ¢, (so, %) = 69 [p(so) + d(so)] for all i. Consequently, the resulting

equilibrium portfolio in this economy is independent of (s, ®) and given by:
aj(s, ®)(s") = ¢;(s', %) = 67 [p(s") + d(s")] ,

where ®; = ¢,(s,a) for each i. m
Proof of Proposition 6. Consider a® = a’(sg, Ko, 6?) given by (16) and note

that equilibrium portfolios will be determined by:

Y7 Vi, K) + i — ()7 AV (s, K)

7

Ai(s, K, ozo) = [(a?)

H[I (02)7 = 1)V (s, K).

(2

If we assume that v, = V,,(s, K) = 0 for all ¢ and for all (s, K), then it follows
from (16) that (oz?)l/(7 = 9. Therefore, (17) implies that A;(s, K,a%) = 0 for all
(s,K) and for all i. m

Proof of Proposition 7. Suppose that v; > 0 for some agent i and V,,(s, K) =
0 for all (s, K). It follows from (17) that:

Ai(37K7 aO) = [(a[))l/g - eg]VF(va) + [71 - (O‘Q)l/UV]VP(SvK)'

(2 K3

The fixed equilibrium portfolio property means that A;(s, K,a®) = A;(s,a?) for all
i and for all (s, K). In particular, it implies that A;(sg, K,a%) = 0 for all K by

definition of . Then,
[(a9)"7 = 69V (s0, K) = [(00)" v — ]V (s0, K). (27)

for all K and thus it follows from (16) that o is independent of K (e.g. a(sg, %) =
a(sg, K,0°) for all K). Note that (27) implies that there exists x > 0 such that

Vr(so, K) = 2Vp(so, K) for all K. In this case the dividend policy given by:
d(s?) = si f(K(s" 1) 4+ (1 = ) K(s'™) — K(s") = z for all s,

26



is the unique solution for (FP), given the definitions of Vr(so, Ko) and Vp(so, Ko).
This would imply that d(s') = C(s') = =z for all s’ solves the planner’s problem
(APP). However, this would violate well-known standard properties of the one-sector
neoclassical growth model. m

Proof of Proposition 8. Suppose that v; = 0 for all ¢ and V,,(s, K) > 0 for
all (s, K). It follows from (17) that:

()7 = 00V (s, K) + [I (a9) "7 = 1]V, (s, K).

)

Ai(s, K, a0

Suppose that the fixed equilibrium portfolio property holds where A;(s, K, a®) =
A;(s,a) for all i and for all (s, K). Fix some i and note that this implies that for all

(s,K):

S — Ai(s,a?) B [ (a?)l/a — 14 S
TR TR R

K3 K3

and thus Vp(s, K) and V,,(s, K) need to be perfectly linearly correlated. Also notice
that A;(sp,a’) = 0 for all i implies that o is again independent of Ky. m

Proof of Corollary 9. The fixed equilibrium portfolio property holds if and
only if A;(s, K,a) = A;(s,a®) for all i and for all (s, K), where A;(sg,a’) = 0 for
all i. We have shown that this implies that Vr(so, K) = 2V,,(so, K) for some z > 0
whenever v, = 0 for all 4. If F(K,L) = KVL'™", then V,(s,K) = (l;fv)sf(K) +
Yoo Qs, K)(s")Viy(s', K' (s, K)). Given (sg, Ko), the capital accumulation path given
by:

K =01-01-v)(1+ %))Stf(K(St_l)) + (1= &) K(s'1) for all st

attains Vr(so, Ko) given its definition in (FP) above. Since the solution is unique,
this would imply that C(s") = (1—v)(1+%)s: f(K(s'™1)) for all s solves the planner’s
problem (APP). It is known that this last equality holds if and only if § = 0 = 1 (see
Benhabib and Rustichini [1994]). =
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